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Abstract

Irreducibility of W,'(X) for d >g — h 4+ 1, where X is a curve of genus g which admits
a degree two map onto a general curve C of genus £>0, is shown. Also the existence of a
base-point-free pencil of relatively low degree on a k-gonal curves has been proved. © 1998
Elsevier Science B.V. All rights reserved.

AMS Classification: 14H45; 14H10; 14C20

0. Introduction

The aim of this paper is to study some properties of linear systems and the locus of
linear systems on a complex projective algebraic curve which is a covering of another
curve.

In Section 1, we prove the irreducibility of the #,'(X) for all d>g —h+ 1 on a
curve X of genus g which is a double covering of a general curve C of genus #>0. And
this result is sharp in a sense; see Remark 1.6. In the proof of Theorem 1.1, we use the
equivalence of the irreducibility of W,'(X) and the connectivity of W,'(X), if W'(X)
has the positive expected dimension and is non-singular in codimension one [7]. We
also use the so-called Castelnuvo—Severi inequality for a double covering X of genus ¢
over a curve C of genus 4; every base-point-free g} on X is a pull-back of a gy, on C
for any n <g — 2h (cf. [1, Ch. 3]).

In Section 2, we consider a problem of base-point-free pencils of certain degree on a
k-gonal curve as well as on a curve which is a double covering of a genus two curve.
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In proving the main results of Section 2, we use enumerative methods and computations
in H*(C,, Q) of various sub-loci of the symmetric product C, of the given curve C.
Specifically, we compare the fundamental class of C):={D€ C,: dim|D|>1} with
the class of all irreducible components of C! whose general elements correspond to
pencils on C with base points. This argument works because the latter components are
all induced from the base curve of the covering and C! has the expected dimension.
Throughout, we work over the field of complex numbers.

1. Irreducibility of W{,‘(X ) for double coverings

In this section we prove the following theorem.

Theorem 1.1. Let X be a smooth algebraic curve of genus g which admits a iwo
sheeted covering m: X — C onto a general curve C of genus h>0, g > max {2h2, 5h+3}
=:¢(h). Then the variety W(X) of pencils of degree d on X is generically reduced
and irreducible with the expected dimension for all d>g — h + 1.

Before starting to prove Theorem 1.1, we begin with the following preparatory
remarks and lemmas whose proofs can be found in the related literature.

Remark 1.2 (Coppens; [4, Theorem 4]). Let X be an algebraic curve of genus g. Sup-
pose that #/(X) has the expected dimension, i.e. dim W/ (X)=p(d,g,r):=g—(r+1)
(g—d+r). Then dim W) | (X)=p(d+1,g,r) and W] _(X) is irreducible (resp. reduced)
if W/(X) is irreducible (resp. reduced).

The following is a well-known criteria for the irreducibility of %/ (X ) which follows
from [7], Remark 1.8.

Lemma 1.3. Let X be a smooth algebraic curve. Suppose that W, (X) has the ex-
pected dimension p(d,g,r)>0 and that the codimension of the singular locus
Sing W/(X) is at least two. Then W/(X) is irreducible.

We also need the following dimension theoretic statement for #?2; [5, Theorem 3.3.1].

Lemma 1.4. Let X be a smooth algebraic curve of genus g. Let n€ N, g>2(n+ 1)
and dim W, ;(X)<1. Then dim WA (X)<2d — 6 — g for g —n<d <g.

We also have the following weaker proposition, which is an intermediate step toward
the proof of Theorem 1.1 and we will prove Proposition 1.5 after finishing the proof
of Theorem 1.1.
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Proposition 1.5. Ler X be a smooth algebraic curve of genus g which admits a two-
sheeted covering w:X — C onto a general curve C of genus h>0, g >5h —2. Then
the variety W,'(X) of pencils of degree d >g—h+1 on X is generically reduced and
a general element of any component of W‘(X\ is base-point-free.
Proof of Theorem 1.1. We first claim that W q sp1(X) is equi-dimensional of the ex-
pected dimension p(g—#+1,g,1) =g —2h. Indeed, in [3, Lemma 1.2], it is proved that
W ,1(X ) has the expected dimension if g > 4h. Hence, the same is true for W (X0
by Remark 1.2. Therefore, by Remark 1.2 it is sufficient to prove the fther nnlv for
t] h+l(X)
By a result of Mayer [9], one has Smg(W w1 (X)) D W thl(X) We now claim
that dlmW X <plg—h+1,9,1)-2=g-2h-2: Suppose h=2e+1 is odd and
take n=~h — 1 =2e. Then by the Castelnuovo—Severi inequality, one has

n+1(X)— ,/VZL+3(X)' u enlLl(C) + u/i(X)

Because C is general dimW (Cy=ple+ 1,h,1)= — 1. Therefore, dim ¥, n+3(X) ]
and hence dim W' (X)) <1. By taking d =g — h 42 in Lemma 1.4, one has

dlmW, per(X) <dim W) ,,+2(X)<2(q—h+2)—6~q g—2h-2.
Suppose / =2e and take n =4 — 1. Again by Castelnuovo—Severi inequality, one has

n+3(X)* ”/25+L(X)7 7[ elel(C)

Since C is general dim W1 ,(C)=p(e+1,h,1)=0 and hence dim ¥\ ;(X)=0<1. By
taking d =¢ — A+ 2 in Lemma 1.4, one also has

dlmW " (X)) <dim i h+2(X)<2(9 h+2)—6—-—g=g—2h-2

and this finishes the proof of the claim.

Now, suppose that Sing W _p+1(X) has codimension at most one in W q pr1(X). By
the above claim we may also assume that Sing W1 ar O DW=, +1(X YU A, where 4
is an 1rreduc1ble closed subvariety of W—h+l(X) such that d1mA >g—2h—1 and

AgwW , 41 (X). We break up the proof into the following two cases.

(i) Assume that a general element of 4 has no base point, and choose L€ 4 a
general element. Since L € Sing W _s41(X) and by the base-point-free pencil trick, one
has

dim 7, W, h+1(X) = dim(Im po)* = ¢ — 2h + dim Ker g
=g - 2h+ XKL ) >dim W, (X)=g - 2h,

where po: HO(X,L)® HO(X,KL™') — HO(X,K) is the usual cup-product map; this fol-
lows from a general theory of special linear series (cf. [2, Proposition (4.2), p. 189]).
Therefore, h%(X,KL™2)>0 and hence KL™2 € Ws,_4(X) for general L€ A. We then
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have
g—2h—1<dimA4 <dim W,_4(X)=2h — 4,

which is contradictory to the genus bound g > e(h).

(ii) Assume that 4 C VW_,,(X) + W, i.e. a general element of 4 has a base point.
Note that dim4 =g—2A#—1 since V‘f,l_h+1(X) is generically reduced by Proposition 1.5.
Because dim V[{]‘_h(X )=g — 2h — 2, there exists a component Y of %Lh(X )} such that
A=Y+ W(X),dimY =g —2h - 2.

(ii-a) Suppose Y is not of the form Y’ + Wi(X) for some Y’ C VI‘{ll_h_,(X). Then
a general M €7 is base-point-free and M ® O(p), p€X general, has only one base
point p. By the base-point-free pencil trick applied to the cup-product map

po HYX, M @ O(p)) ® HY(X,KM ™' ® ¢(— p)) — H*(X,K),

Ker g = HO(X,KM 2 @ ((—p)) #0 since M © ((p) € A C Sing W', (X). Therefore,
we have KM 2 @ (/(— p) € Wy, 3(X) for general M €Y and p <€ X. From this we get
an inequality

g —2h — 1=dim A <dim W;,_3(X)+ 1=2h — 2,

which is contradictory to the assumption that g > e(h).

(ii-b) Suppose Y is of the form Y’ + W(X) for some Y’ C VI.{JI_,,VI(X). We claim
that Y is of the form (X} ,(C))+ W, 4_n(X) with X} ,(C) a component of #,},(C),
where n is even and 2[(h + 3)/2]<n<2h + 2.

Proof of Claim. Because Y is of the form Y’ + W (X) for some Y’ C %thl(X), Y
is a component of W' ,(X) whose general element has a base point. Then Y =X+
W, (X)) for some n, 0<n<g—h— 1, where X} is a subvariety of ¥,'(X) and a
general element of X! is base-point-free. We will first argue that » is relatively small
compared to g. Because Y has dimension g — 24 — 2, one has dim Z}, =n-—h-2,
otherwise

g—2h—2=dimY =dim(Z} + W_j_, (X)) #E(n—h—2)+(g—h—n)
=g—2h-2.

Let L be a general element of X}. By the standard description of the Zariski tangent
space to the variety W, we have

dim(Im o)t =dim T, (X)) >dim Z) >n —h — 2,

where uo: HO(X,LY® HO(X,KL™") — H%(X,K) is the usual cup-product map. By the
base-point-free pencil trick, we have,

dim(Im po)* = g — dim(Im o) = g — B°(X, L)' (X, L) 4 dim(Ker pp)
=g—2g—-n+ D+ XKL =X, 1*)~3>n—h—2.
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Hence, h°(X,L*) >n—h+ 1 which implies Wz’;_"(X) >n—h—2. By reducing to pencils
we have

dim L, (X)) =dimWah o f(X)>n—h =24 (n—h—1)=2(n—h) = 3.

Note that n <g — s — 1, thus n + A+ 1 <g. We consider the following two cases:
(1) If n+h + 1=y, then by passing to residual series

dim !, (X)=dim W, 2(X)=g—2>2(n—h) 3o g<sh+3,

contradictory to the genus bound g > ¢(h).
2) If n+h+1<g—1, we have,

20n—h)-3<dimmL, (X)<(n+h+1)-2—-1n<3h+1

by Martens” well-known theorem (cf. {2; IV, Theorem 5.1]). Thus, n <3h+1<g—2h
by the genus bound g > &(#), and again by the Castelnuovo—Severi inequality every ele-
ment of X} is a pull-back of a g! , on C, ie. I} = n*(Z,,(C)), where X ,(C) is a com-
ponent of M{I}Z(C). Since dim X! =dim n*(Z,',/z(C)) =dim(Z] ,(C)) =dim( VI{,}Z(C)) =
n—h—2<h, we have n <2h+2, and [(# + 3)/2] <n/2 since C is general. This finishes
the proof of the claim.

We next claim that 2°(X,(m*N)@2)=h"(C,N®2)=n—h+1 for N € Z,I,/2(C) general,
2[(h+3)/21<n<2h + 2: Since C is general, VI{,}Z(C) is reduced at a general point
N € X} 5(C), hence h%(C,N ®?)=n—h+1. Suppose that F(X, (n*N)®2)>hO(C,N ©2),
ie. n*HY(C,N ®2) CH(X,(n*N)®?). Then it follows that the complete linear system
(1*N)®? is not composed with m. Thus, X has a base-point-free g! which is not
composed with 7, x <deg(n*N)®? — (n — h)=2n — (n — h)=n + h<3h + 2 by
subtracting n — A generically chosen points on X. But this is contradictory to the
Castelnuovo—Severi inequality since g > &(h).

Now consider a general M € ¥ = 71*(2,',/2(C))qL Wy—pn—n(X),and M @ O(pYeA=Y+
M(X), peX general. Then M =a*"NQ C(p) +- -+ py—p—pn)and M @ C(p)=7*N &
Gpr+-- -+ py—p—n+p), where N € Z,',/,z(C ). Applying the base-point-free pencil trick
to the cup-product map po:HY(X,M @ C(p)) @ HY (X, KM~ @ ¢(-p)) — HOX,K),
one has Ker o 2 HYX,K @ (n*N)® ~2®@ €(—py—-++ py—s_n— p)). On the other hand,
from the previous claim A%(X,(n*N)®2)=n — h+ 1 and hence h°(X,K & (1*N)® 2)
=g —n — h. Since pi,..., pg_n—n, pEX have been chosen generically, we have
dimKer g =X, K @ (B*N)® 2@ O(—p; — --- Dy—h—n — p))=0. But this is con-
tradictory to the fact that M @ €(p) € Sing %Lh+I(X), r.e. dimKer yo>0.

So far, we have shown that Sing %I— #p1(X) has codimension at least two in
W{ILHI(X). By [7, Remark 1.8] we finally conclude that W{,Lh+l(X) 1s irreducible.

We now finish the first section with the proof of Proposition 1.5.

Proof of Proposition 1.5. By Remark 1.2, it is enough to prove Proposition 1.5 for
d=g—h+1. Let 2 be a component of %Lh+1(X) whose general element has a base
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point. Set X=X + W,_,,1_,(X) for some n<g ~ h, where X! is a subvariety of
W (X) whose general element is base-point-free. Hence, dim X! =dim X — (g — & +
l—n)=n—h—1. Let LEZ; be general. Then dim TLZ,', zdimZ,I, >n—h—1, and
hence by the base-point-free pencil trick,

dim(Im po)* = g — A°(X, L)h' (X, L) + dim Ker uo
=g—2g—n+ 1) +NXKL =X, L) —3>n—h—1.

Then W(X,L*)=n—h+2 for general L € Z,l, and, hence, dim Wz?,_h“ >n—h—1. By
taking off (n — ) general points on X, we have,

dim L, (X)>2(n — h) — 1. (1.5.1)

Note that n + # < g and we distinguish the following two cases.

() If n+h=g, dim %'(X):dim W, 2(X)=¢g—-2>2(n—h)—1=2(g—-2h)—1,
which is contradictory to the genus bound g > 5k — 2.

(i) f n+h<g—1,2n—h)—1<dimW (X)<n+h—3 by (1.5.1) and by
Martens theorem. Then by the genus bound g>5h — 2, n<3h — 2<g — 2h and
hence by Castelnuovo—Severi inequality, one has X! C n*(VI{,/‘Z(C )). On the other hand,
dim W,},(C)=n—h—2 since, C is general. Hence, n—h—1 =dim 2! < dim (W L(C))
=n — h — 2 which is a contradiction. And this proves that a general element of any
component of W,'(X) is base-point-free.

For the generically reducedness of WZ'_ 5+1(X), we only need to compute the dimen-
sion of the Zariski tangent space T, /', | (X) at a general L. Suppose dim T, W', |
(X)=dim(Im o )= >dim W', (X)=g — 2k for a general Le W', (X). L being
base-point-free, it follows that A°(X, KL ?)> 1 for general Le W', (X ) by the base-
point-free pencil trick. Then we have g — 24 < dim W{,Lh+l(X) <dim Wsy,_4,=2h — 4,
which is contradictory to the genus bound g > 5/ —2. [

Remark 1.6. (i) Note that the result of Theorem 1.1 is sharp. indeed, in the course of
the proof of Theorem 0.1 in [3], it has been shown that W_{,l_;,(X) is reducible for the
double covering X of a general curve C.

(i1} We proved Theorem .1 under the assumption that C is a general curve of
genus k. In fact, we only need the condition that the schemes W,!(C) satisfy the
expected dimension and emptiness from Brill-Noether theory.

2. Existence of base-point-free pencils on k-gonal curves

In this section, we consider a problem concerning the existence of complete base-
point-free pencils of certain degree on a k-gonal curve as well as on a curve which
admits a double covering onto a curve C of genus 2. We first remark the following
general fact which has been known already (cf. [6, Theorem (2.2.2), Corollary (2.2.3)
and Theorem (3.1)]).
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Remark 2.1. On a general k-gonal curve C of genus g, 3 <k <[(g + 3)/2], there exists
a complete base-point-free pencil g on C such that 2g) is non-special for any ne N
with ¢g/2 + 1 <n <g. Furthermore, if k>3 and g/2+ 1 <n <g — | then there exists a
primitive complete g} on a general k-gonal curve.

For an arbitrary given k-gonal curve admitting a simple g;, we have the following
preliminary theorem.

Theorem 2.2. Let C be a k-gonal curve of genus g > (3k —6)(k — 1) with a simple q,f
Then there exists a complete base-point-free pencil of degree n for any n>g+2—k.

For the proof of the above theorem we need to invoke the following theorem of
Coppens concerning the variety of special linear systems on algebraic curves [4].

Theorem 2.3 (Coppens [4-6]). Let C be an algebraic curve of genus g. If
dim W, (C)=d —2—j for some j+3<d<g—-1—j(j=20)and g>2j+1)(j+1)
then dim W ,(C)=1.

Lemma 2.4, Let C be ua k-gonal curve of genus g,g > (2k — 5)(k — 2). Suppose that
dim W, (C)=0. Then W, q+2 (C) has the expected dimension g — 2k +2=p(g +2 —
k,g,1).

Proof. Suppose dim W, +2 H{C)>¢g — 2k + 3 and set dim I +2 KLCO)=(@+2—-k)~—
2 —j. Then j<k — 3 and the numerical hypothesis in Theorem 2.3 is satisfied for
d=g+2—k. Thus, if g >Qk—5)k—2), dm ¥, ,+3(C)— | contrary to the hypothesis
wic)=0. O

Proof of Theorem 2.2. Since the existing g} is simple and by the assumption on
the genus g, g is unique. Clearly Wk (C) + Wy12-2(C) is an irreducible component
of I/I{;Lz ((C), by Lemma 2.4. Let w+2 « be the fundamental class of W q+2 +(C) in
J(C), the Jacobian variety of C and let o be the class of W,!(C)+W,42-2(C). Because

qiz ((C) is of pure dimension p(g + 2 — k,g,1) by Lemma 2.4, one can compute
the class a)gJr2 > Theorem (1.3} in [2, p. 212]. Also the class « can be computed by

Poincaré’s formula; [2, p. 25]. Hence we have

I 1
1 2k—2 _ 2k —2
R T and 0=

where € denotes the class of the theta divisor in J(C). Thus,

1 1 1
y—2k+2 _ 2k—2)g—2k+2 __ g g
D240 “ma—nt Y “aG- Y TG -1)
09 g!

2k+2
# ol = T T @k -2
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On the other hand, we remark that %Lz- (C) is reduced at a general point 4:=g, ®
G(A) of W(C) + Wia—u(C), C(A)E Wyia_y(C); this follows from the description
of the tangent space to Vlﬁz_k(C) at A (cf. [2, Prop. (4.2), p. 189]) and the fact that
h°(C,KA=%(A)) =0, which can be computed easily, or from a remark at p. 189, after
Theorem 4, in [4]. Therefore, we deduce that there exists a component in %szk(C )
other than the component #,!(C)+ W2 +2(C). hence W', ,(C) is reducible. We will
now show that Wkl(C )+, 2x42(C) is the only component of Vl{llﬂ; «(C) whose general
element has a base point. Let I' be a component of Vlglrz_k(C ) whose general element
has a base point. Then I' = I;l F Wi i-e(C), k<e<g+1—k, where I is a compo-
nent of W,'(C) whose general element is base-point-free. Assume e # k. We first note
that dim I,' > e — k otherwise 2(g+ 1 — k) —g=p(g+2 — kg, 1) <dim T =dim I}' +
dim W o 4 o(C)<e—k—1+(g+2—k —e)=g+ 1 — 2k, which is absurd. Let L
be a general element of I;'. Again by the description of the Zariski tangent space to
I' at L, dim(Im yo)* =dim 7.} > dim I! > e — k, where i is the usual cup-product
map with respect to L. On the other hand, by the base-point-free pencil trick we
have

dim(Im po)* =g — dim(Im po) =g — 2(g — e + 1) + dim(Ker y)
=2e—2— g+ h(C,KL™?).

Hence, h%(C,L?)>e — k + 3, which implies W% *"*(C)>e — k.
By recalling the fact that dim W~ '(C)>dim W;(C) + 1 we have

dim W\, (C) > dim W A C)+e—k +1

>(e—k)+(e—k+1)=2—-k)+1.

We want to apply the Martens’ dimension theorem to this situation: We first note
that e<g+ 1 —k and hence e + £k — 1 <g.

(i) In case e+k — 1 =g, by passing to the residual series, dim Wel+k-1(C) =dim #,_,
(C)=g —2>2(e —k)+ 1 and hence g <4k — 5, contrary to the assumption on the
genus g.

(i) In case e+k—1<g—1, we have 2 —2k+1<dim W, ,_,(C)<(e+k—1)—2—1
and hence e < 3k —5. Since g; is simple and g>(k — 1)(3k — 6) this is a contradiction.

Thus, the only possibility is e =k. Since Wﬁz_k(C) is reducible, there exists com-
plete base-point-free pencils of degree g +2 — & on C corresponding to elements of
components other than W!(C) + W,_212(C).

For any n with g +2 —k <n <g, by the excess linear series argument [8], it follows
that dim W' (C) = p(n,g,1)=2(n — 1) — g. Thus there exist complete base-point-free

s gl gl 1
pencils g,.9, 1, Ggi0_y- U

In the next theorem, we proceed one step further to obtain the following result of
the existence of complete base-point-free pencil of degree g+ 1—% on a k-gonal curve
with a simple g}.
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Theorem 2.5. Let C be a k-gonal curve with a simple g, of genus g>n(k? 2k —2)
where n(d,r):=m(d — 1 — —(m +D(r—=1)), m=[(d — 1)/(r —1)]. Then there exists
a complete base-point-free pencil of degree g+ 1 — k.

Proof. First note that W 7+1-4(C) cannot have the expected dimension; otherwise
g+1- 2k<d1ka(C) +dim W (C)<plg + 1 — kg, 1)=2(g — k) — g. One
can then apply Theorem 2.3 to show that dim IH (C)=g+ 1 — 2k, which implies
Wk (C)+ Wi1—2(C) is indeed a component of VI{1+1_k(C) Also one can follow the
argument as in the proof of (2.1.1) of [6] to show that W!(C) + W41_%(C) is the
only component of dimension g + 1 — 2k.

On the other hand, one can show that W' (C) + W,;1-2%(C) is the only component
of VIﬁ 11-«(C) whose general element has a base point by using the same argument as
in the proof of the assertion that e =k in the previous theorem. Thus it remains to
prove that W +1 ((C) is reducible, which will complete the proof of the theorem.

Assume that W+1 ((C) is irreducible, i.e. q+1 4(C)= WA (C) + W1 —2(C). For

any g — k> 4+ 2k — 3 points on C, say, P, - -+ Py_j242¢—3, one apparently has

|(k_1)411(+Pl+"'+quk2+2k—3|€u{,+;l3(c)
=k =W\ ((C)=x—H(C)+ W1 u(C)),

where k denotes the point on the Jacobian J(C) corresponding to the canonical divisor
K on C. Thus there exists Qi,...,Qg+1—2 on C such that

dimkD + Py + -+ Py_jepp 3| = dim[K — Oy — -+ = Qi1
:2k~2+dim\Q1+---+Q,,+1_2k\22k—2, (2.5.1)

where D €g}. On the other hand, if h%(C,|K — kD|)=h(C,|kD|)+9g — k> — 1 <g —
k* + 2k — 3 then there exists Ri,..., R, 2,23 € C such that dim|/K —kD—R; — - —
R, i:i24—3|= — 1 and hence dim|kD + Ry + --- + Ry_p2, 53| =2k — 3. But this is
contradictory to the inequality (2.5.1). Therefore we have dim|kD| > 2k — 2. Let f be
the morphism of degree m onto a curve C’ of degree k%/m in P* associated with |k D|
where o =dim|kD|>2k — 2. By the Riemann—Roch theorem applied to the induced
series of degree k2/m and of dimension a on C’, we have 2k — 2 < a < k?/m, whence
m<k. Since dim|kg} —g}| = dim|(k—1)g}| > 0 the map C — P' given by the g, factors
through f. By the assumption that g} is simple we must have m =1, i.e. f is birational.
Then by the well-known Castelnuovo’s genus bound we have g < n(k?, 2k —2) contrary
to the hypothesis on the genus g. O

In the following proposition, we turn to the problem concerning the existence of
base-point-free pencil of degree g — 2 on a double covering of genus two. It should be
said that the fact is known and proved in the appendix of [5] with a little bit higher
lower-bound on the genus of the given double covering. As we shall see in the proof
of the proposition, we use a proof completely different from the one in [5]. And our
present proof improves the lower bound on the genus of the given curve a little bit,
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which could not be detected by the argument in [S]. We also remark the fact that
Proposition 2.6 is not a special case of [3, Theorem 0.1]; in [3], the base curve of the
covering is a general curve, whereas our base curve in Proposition 2.6 is an arbitrary
curve of genus two.

Proposition 2.6. Let C be a smooth curve of genus g > 11, which is a double covering
of a curve of genus 2. Then there exists a base-point-free pencil of degree g-2 which
is not composed with the given double covering.

Proof. We first recall some of the notations used in [2]. Let u: Cy — J(C) be the abe-
lian sum map and let 0 be the class of the theta divisor in J(C). Let u* : H*(J(C), Q) —
H*(Cy~2,Q) be the homomorphism induced by u. By abusing notation, we use the
same letter @ for the class *0. By fixing a point P on C, one has the map 1: Gy — Cy
defined by 1(D)=D + P. We denote the class of «(Cy_;) by x.

Let m: C — E be the 2-sheeted covering, genus(£)=2. By the various Martens and
Mumford type dimension theorems on the subvarieties of J(C), it is easy to show
that Hg'_z(C) is of pure dimension g — 6 =p(g, 1,g — 2), hence the subvariety C;i—z of
C,—> is of pure dimension g — 5. Also it is easy to show that the only components
of WgLZ(C) whose general element has a base point are n*(#;'(£)) + W,_¢(C) and
n*(W,'(E)) + W;_s(C) and hence the only components of C,_, consisting of divisors
whose complete linear series have base points are n*(E}) + Cy_¢ and n*(E}) + Cy_s
whose class in C;“Z we denote by y and # respectively. Because C;Lz is of pure (and
expected) dimension p(g—2, g, 1)+1, the class c;_z of CJ_Z is known (cf. [2, Theorem,
p. 326]); ¢)_, =(6°/6) — (x0%/2). Note that y and # occur with multiplicity 1 in C) o
1e. C;_z is reduced at general points of n*(EQ])+C_[,,6 and 7r*(E31 )+ C,—s; this follows
from the description of the tangent space of the scheme C); (cf. [2, Lemma (1.5),
p. 162]) and the fact that A% C,K — 2D — A)=0 where Den*(E)) and A€ Cy_g
general (or D€ n*(E1) and 4 € C,_e general), which can be computed easily.

Let us also recall that given a cycle Z in C,, the assignments

Z—A(Z):={E € Cyps: E—D>0 for some DeZ},
Z—B(Z):={E€Cy_4: D —E>0 for some DeZ}

induce maps
A H(Cpo @) — H™(Cyiy, @), Bi:H™(C4, Q) — H™ *(Cyt. Q)

and the so-called push—pull formulas for symmetric products hold (cf. [2, p. 367~369]).
Thus by the push—pull formulas

(g —5)g—6)g— 7)x3'

B, 6(x'>)=(g—5)x and B, s(x'°)= <

Denoting 7 and 7j by the classes of n*(E}) in Cs and of n*(Ej) in Cg, respec-
tively, we will now check that (§ - x)c, =1 and (% -x¥)e, =1, ie. § and x (resp. 7
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and x*) intersects transversally in Cy4 (resp. Cs). Let D € §Nx general. Under the nat-
ural identification between Tp(Cs) and HO(D, Cp(D)), the tangent space Tp(x) is the
kernel of H(D, €p(D))— H(P,0p(D)) with P the point defining x. One also has
Tp(5) = {s € HY(D, (p(D)); Z(s) € n*(E})}. Since 7=n*(E})=gj is a base-point-free
pencil, one finds that Tp(x)N Tp(§)={0}. For # and x3, define x* using P, P, P;
with different images on C and fix D' €#Nx’. Again by noting that the tangent
space Tp(x?) is the kernel of HY(D', Op(D"))— H' (P, + P, + P3,Up 1p+p(D')) and
Tp(7) = {s € HY(D', Cpy(D")); Z(s) € m*(E})}, one finds that Tp/ (x*) N Tpe(77) = {0}.
Since (77 -x°)¢, =1 and (¥ - x)¢, =1, we have

(7 X, = (Ay—e(7) X e, = (G Bys( N, =(F - (g = 5, =g — 5
and
(x4, = (Ay—s(@) x4 ), ., = (7 - By—s(x' )¢,

_(~ (g—5)g—6)g—T7) 3> (g=5Ng—-6)g—T7)
=17 X =
6 - 6

(i x)e,

_(g=5)g—-6)9—-T7)
< :

On the other hand (cg/_2 -)c-"_5)cr2 =((6°/6 — x0?%/2) -x-"'S)Ck2 =g!/6(g — 3) -
g'/2(g — 2)! by the Poincaré’s formula.
Comparing the above intersection numbers we have

-5 -5 1 -5
(y xY )C,fz + (’1 x4 )C‘,fz < (Cg—z -x? )Cl,fz

and this shows that there exists a component other than n*(E1) + C,_¢ and n*(£3) +
Cy—s In C.(}_z which in turn proves the existence of a divisor of degree g — 2 which
moves in a complete base-point-free pencil and whose complete linear system is not
composed with the given involution. [J
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